A central tenet of Frege's philosophy of mathematics was that the applications of a theory such as that of the natural numbers (arithmetic) or the real numbers (analysis) should be implicitly prefigured in the logicist definition of the objects of the theory in question. The natural numbers should be defined as objects apt for representing the cardinality property of a concept (how many objects fall under it); the real numbers should be defined as objects apt for representing the ratio or proportion of signed (relational) quantities. While detailed individual applications are not written into the definition, since they cannot all be foreseen, present and future applications must in principle be catered for. It cannot be the case that after the definition is complete, a new application comes along which does not fit the definition and must be, as Frege says, "patched on from outside". Call this the applicability constraint of logicist definitions.
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In the one logicist definition he completed, that for the natural numbers, and the one he outlined without completion, that for the real numbers, Frege's projected definitions do seem-modulo the inconsistency of his logic-to satisfy the applicability constraint.
1 When considering how to extend Frege's ideas in neologicist fashion to other mathematical systems, the question arises as to whether the applicability constraint is one which can in every case be fulfilled, whether in some cases a pure theory has to be constructed for its own sake, irrespective of the possibility or mode of its application.
It is natural to continue Frege's work by considering more general concepts of number: after the real numbers, the complex numbers beckon, while after them a plausible next step is the quaternions. In each case however, the applications of the pure theory are less straightforward than in the case of the naturals and the reals, raising the possibility that the applicability constraint is too restrictive, and that the Frege was in a sense "lucky" to have started with theories where the applications were obvious and well known.
Complex Numbers
From the point of view of application, the situation with complex numbers is interestingly different from that of the reals. Non-mathematical applications of the real numbers are legion, but it took until the later nineteenth century for acceptable modern axiomatizations to be found for them: essentially those of (in order of publication) Méray, Cantor and Dedekind. By contrast, complex numbers, though they had been around since the sixteenth century, had been safely lodged as respectable entities next to the reals since 1833 via Sir William Rowan Hamilton's simple ordered pair representation, and had been known in their geometric guise since Caspar Wessel's brilliant discovery of 1797 and the more widely publicised work of
Argand. Yet at that time their interest was wholly within pure mathematics, first as solutions for polynomial equations, and later as the materials of complex analysis. There appears however to be no fully satisfactory explanation as to why this is so: physicists generally content themselves with declaring that it is so. The nearest to an explanation that I can summon invokes the fact that non-collapsed quantum states of a system interfere with one another, giving rise to such phenomena as two-slit interference patterns. The patterns are different from those predicted by classical physics with its wholly real-valued observables, and the way in which they are observed to differ tells us that the difference between quantum states which accounts for this requires complex quantities corresponds to a phase difference among quantum states, that is, differences which manifest themselves in cyclical, sine-like variations such as are typical of waves. For this to happen the state vectors must be complex and their interference must affect the probabilities of eigenstates' being observed. The crucial factor is then not the probability itself, which is a real number in the interval 2006, ch. 3. 6 Not phases themselves but their differences are physically significant.
[0,1], but a complex number called a probability amplitude whose real magnitude is the probability. The wavelike interference of quantum states is represented by the complex scalar inner product of their state vectors, which is the probability amplitude.
The periodic oscillatory pattern of real-valued sine and cosine functions, rendering them apt to represent wave phenomena, is a side-effect of the remarkable fact that the exponential function, so manifestly real when defined on the reals, reveals itself as beautifully and periodically oscillatory when extended to the complex numbers. The sense one has when observing this is that periodic wave phenomena must in some sense be driven by the complex exponential (whose differential is equal to its value) rather than that the complex exponential is a convenient tool for representing wobbly phenomena. It is as if God is causing the fundamental variables of the system to rotate in complex space, the real manifestation for us being only the wobbly real variables. The use of complex numbers in quantum physics extends further into the more complex and adequate machinery of quantum field theory.
The moral for abstractionist approaches to the complex numbers is moderately sobering. Suppose we expect our abstractionist construction of the complex numbers to fulfil the applicability constraint. No one could have foreseen the applications of complex numbers. They are a pure-mathematical invention and their interest and beauty is largely a pure mathematician's. Abstractionist reconstructions will inevitably therefore have a strong air of me-tooism about them until such time as a deeper understanding of the rationale for complex number application is attained.
Quaternions
Paradoxically, although quaternions are mathematically more abstruse and complicated than complex numbers, their application story is much more easily told.
Quaternions arose out of Hamilton's attempt to extend the complex numbers and their connection with planar geometry to the geometry of three dimensions. His inability to do so with triples famously led to a decade of frustration and breakfast-time confessions to his young sons, and to his even more famous physical theories may best be described as quixotic.
The irony is that the correct method for representing the combination of rotations in 3-space, which quaternions are a uniquely natural and simple way of representing, was already in print in 1840, had Hamilton but known it. In an elegant Later a fourth gimbal was fitted to Apollo IMUs, which while not making gimbal lock impossible made it extremely improbable.
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When Rockwell were designing the space shuttle's orbiter spacecraft in the early 1980s the decision was taken to use not Euler angles but quaternions for guidance, navigation, and control, and indeed quaternions found application in most aspects of shuttle software. There are two reasons: one is that calculation with quaternions is efficient: a quaternion has four components whereas a rotation matrix has nine; and the other is that unique solutions are always forthcoming: the quaternion representation is singularity-free. The orbiter's attitude is always represented by a quaternion. Since the shuttle system is the most complex mobile artefact ever produced, this is a uniquely prestigious technological application.
A more recent and perhaps even more surprising application of quaternions is in the code running computer games. Fast action games involving moving players in a virtual spatiotemporal environment, who turn and track, as in dogfight games, require very efficient singularity-free algorithms, and it turns out again that quaternions fit the bill. 16 Whether this would have pleased the gravely serious Hamilton is a moot point.
Thus it seems that quaternions do after all have a serious part to play in applications, albeit one which is less widely useful than that of vectors. In these quaternion applications however there are flaws from the point of view of the abstractionist. Firstly, for rotations, only unit quaternions (ones with modulus 1) are required, not the whole algebra. Addition is not needed except for the components.
The situation is analogous to that for complex numbers and plane rotations: only the unit complex numbers (the unit circle) are needed, and they need only be multipled. If arbitrary non-zero quaternions are used, the factor introduced by the modulus is not needed and simply gets in the way. Secondly, unlike the complex number case, each rotation is represented by two quaternions q and -q. So when quaternions are used to represent rotations, only part of the algebraic structure is used: the rest is excess. In this sense we are still looking for a full-blown application for the whole quaternion algebra. I incline to believe that one will not be forthcoming. Quaternions may be algebraically too rich for a directly depictive application of the full structure. There might conceivably be applications in 4-dimensional space that required the full quaternion structure, but we shouldn't hold our breath waiting for them.
Postscript: Clifford Algebra
We have portrayed quaternion and vector algebra in the traditional fashion, and as perceived by their respective proponents at the time, as antagonistic rivals for the favour of those wishing to use such methods in appliction: let's call them the clients. 
Conclusion
Both complex numbers and quaternions were invented for reasons of pure mathematics, and applications came later. In the case of complex numbers these are few but one is highly significant; in the case of quaternions the few applications are useful but dispensable, while an application of the full algebraic structure of quaternions is still outstanding. It is stretching credulity to suppose that anything like a direct abstractionist approach to complex numbers or quaternions would have 
